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A plasma sheath encloses a perfectly conducting cylinder with a time
harmonic magnetic line source on its surface, The plasma sheath has an in-
finite axial slot., A singular integral equation is formulated for the
electric plasma current whose solution unfortunately was not found., Howevey
some approximations for the current of wunderdense plasma are suggested to
predict the effect of the slotted plasma sheath on the cylinder radiation.
For overdense plasma the slot may support traveling waves which transport
power from the source to the external space, Radiation is calculated
through a narrow parallel face slot that supports the propagation only of
the lowest order mode. It is shown that the radiation in the forward

direction is comparable to the case of no plasma sheath.
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I
INTRODUCTION

In this report we consider a magnetic line source excited perfectly
conducting cylinder radiation through a uniform plasma sheath., The fields
are of two-dimensional nature. Taking the z-axis of a cartesian coordinate
system (x,y,z) coincident with the axis of the perfectly conducting cylinder
the electric field components Ex(x,y) and Ev(x,y), and the magnetic field
component Hz(x,y) are the only ones induced by the magnetic line source,

As is well known the plasma sheath very strongly inhibits the radiation
of an antenna when the plasma frequency sufficiently exceeds the frequency
of the electromagnetic field. Opening a slot in the plasma sheath by de-
pressing the plasma frequency below the field frequency, for example by
material additives, may go some distance towards re-establishing some of the
desirable antenna characteristics. Theoretically to establish some of these
possibilities for a cylindrical configuration is the object of this report.

In the second chapter we derive a field representation in which the
magnetic field due to the currents induced in the plasma by the primary
antenna field (i.e., the field without the cylindrical plasma sheath present)
is obtained. On the basis of this representation we obtain a two-dimensional
singular integral equation for the electric plasma current under the assump-
tion that the current satisfies the Ohm's law., A solution of the integral
equation was not found. However, some approximate distributions of the
electrical plasma current are suggested for an underdense plasma sheath
which may be used to calculate the effect of the plasma sheath (slotted and

un-slotted) on the free space radiation.



When the plasma is sufficiently overdense the electromagnetic fields
hardly penetrate the plasma sheath and hence the plasma slot may be viewed
as a waveguide that couples the source to the free space, A parallel face
slot then may be considered as a parallel plate plasma waveguide, The
Transverse Magnetic (TM) modes in such a waveguide are of a type matching
the fields of our problem, We utilize the lowest order TM mode in a slot
centered above the magnetic line source in a plasma sheath closely fitting
the cylinder and calculate the radiation in the free space, These deriva-
tions and calculations are carried out in Chapter IIT .

The fourth (and last) chapter presents the conclusions of the study.
Some of the very elementary derivations are relegated to the appendices,

The problem taken up in this report is a generalization of the one
considered by Olte, et.al., in a 1964 Radiation Laboratory Report as well
as in a paper by Olte (1965). In that study the slotted plasma sheath was
considered thin, but having very high electron density, and being concentric
with the antenna cylinder. 1In the analytical formulation the sheath was
replaced by a perfectly conducting shell, thus simplifying the analytical
difficulties to a large extent.

In these problems the total magnetic field is entirely tangential to
the plasma sheath, slotted or un-slotted. An electric line source (of
course not on the surface of a perfectly conducting cylinder), replacing
the magnetic one, generates an electric field entirely tangential to the
plasma sheath. This type of polarization was considered by Olte (1965, 1966)

in which the electric line source was at the center of a cylindrical plasma



sheath with infinite axial slot.
The rationalized system of units are being used, The time dependence

exp(jwt) is being suppressed in all formulas,



II
INTEGRAL, EQUATION APPROACH

2,1 Imntroduction

When a plasma sheath encloses a radiating antenna the changes in the
field result from the induced plasma current radiating in the presence of
the antenna. When the antenna is a perfectly conducting cylinder excited
by a magnetic line source then the induced current in the plasma sheath
radiates in the presence of a perfectly conducting cylinder, From the
vector Green's theorem and the magnetic Green's function of the perfectly
conducting cylinder we aerive a representation for the magnetic field
change when the cylinder is enclosed by a cylindrical plasma sheath of
arbitrary cross-section, but uniform density. Assuming that Ohm's law holds
for the plasma, one obtains a two dimensional singular integral equation
for the current of the plasma sheath, However, we could not solve it., 1In
the second part of the chapter we propose some approximate representations
for the plasma current, more or less as physical assumptions, In the case
of a concentric cylindrical plasma sheath with a wedge slot we give the
analytic form of the far-zone magnetic field,

2.2 Various Integral Representations of the Fields and a Singular

Integral Equations for the Plasma Sheath Current

We show the configuration of the problem in Fig. 2.1. The cylinder of
radius a is assumed to be perfectly conducting and excited by a magnetic

line source of V volts at the position (xs,ys) of the cylinder surface, the

time dependence eJum being suppressed. The cylinder is enclosed by a cylin-

drical plasma sheath of arbitrary cross-section AP' The curve bounding



Magnetic line source,
V volts

(x',y"

- x

Plasma sheath of constant
conductivity o

FIG. 2.1: MAGNETIC LINE SOURCE EXCITED CYLINDER ENCLOSED BY
A PLASMA SHEATH.



Ap is denoted by Cp’ the positive sense as indicated, We take the plasma
conductivity to be o; permittivity and permeability are taken to be those
of free space, respectively € and Moo

Because a magnetic line source excites the two-dimensional structure
we have

= az Hz(x')'y') 5 E(x',y')-az = i(x',y')-éz =0, (2-1)

where 52 = éx X éy. This special nature of the vector fields will always

be understood in our subsequent vector calculations. The induced fields

will satisfy the Maxwell's equations

V' xE=- Jou 21 | (2-2)
V'xH=1+ jue E (2-3)
i =0, in free space, (2-4)
i =c'E, in plasma, (2-5)

From (2-2) and (2-3) we have

v xyg'x H kg H+ < x1. (2-6)

For the purpose of using in our derivation the two-dimensional

vector Green's theorem,



f - o x¢ x 5 _ g™, ¢ x ' x H] ax'dy' =

A

é[ﬁ(m) xy xf-fxg x 8. 5 al (2-7)
c

we introduce at (x,y) a magnetic line source of amplitude 'Im and require

that the fields of it satisfy

7 x 8™ - jue_ 5 (2-8)

v' x 8™ 2 T g(m) _ I, a8(lr-r'l) (2-9)
with

ar x E® o at (x')2 + (y')2 - a2 (2-10)

That is to say, E(m) and I_{(m) are the fields due to a magnetic line source
in the presence of a perfectly conducting cylinder of radius a.

Applying (2-7) to the plasma sheath and to the free space separately
and then adding the results, we obtain, after reducing the expressions by

applying the boundary conditions,

Imﬁ-éz = ?‘ g 5 . 5.r al - jli_eo -[/’(V' x i)'ﬁ(m)dx’dy'
A

1 '(m) T . on [
- = oéH x i npdl . (2-11)



By transforming the coordinates (x', y', z') to the circular coordinate

system (r', @', z') the integral

ggﬁ(m)(x,y;xuy') x B(x',y') - aal =

C
a

2n

_f Hgm)(X,SUI" Cos ', r' Sin CP') Eq).(a,cp') adp' . (2_12)
(o]

The tangential electric field on the surface of the cylinder due to the

magnetic line source V is given by

5(9,-0)
Epr (2,0') = -V —F— (2-13)
and hence from (2-12)
. - - v ™ (x, 2-14
H(m)x g - a‘rdl' = - (X,Y:xs:ys) (2-14)
c
a
From the reciprocity theorem we see that one can identify the form of
(2-14) from (A-8), i.e. in the circular coordinate system
1 - -
ﬁ I— H -ardl' =
C
H(g)(k T) ( ) - -
aznawu Z TS'E;:‘C"“(‘”’) (z575) -
n=0
(2-15)




In the subsequent discussion we will represent by Hgo) the magnetic

field for no plasma sheath, i.e., g== 0.

In appendix A we have already solved for I_-I(m) in the circular co-

ordinate system, From (A-5) we obtain

k2
™ -5, - { 1P (|7 - £) +
m )
& J'(k a)
Z c ;I-(E?-T}i_;.—). Hr(la)(kor')ngg)(kor) Cos n (cp-cp")} .
n=0 n o] (2-16)
We define a function
Tept) = 1 (2) b t
G(r;r') = ]G{- Hy (kolr -rt|) +
i J'(k a)
Z (k 3 Hr(le)(kor')Hr(le)(kor) Cos n (cp-cp'g
" (2-17)
and thus
Jue jwe T B a, G(r;r") (2-18)
Applying (2-16) and (2-18) we re-write (2-11) as
a() = 3 n 0 (5, - [v' x I(')] G(F37') ax'ay’
A
b
+a, a(r;r)i(r' Wa, x ﬁp) ag . (2-19)
c
P



The first term on the r. h.s. of (2-19), as already mentioned, is the mag-
netic field from a magnetic line source on the perfectly conducting cylinder
radiating in the free space. The two remaining terms come from the currents
in the plasma induced by the primary source. In particular, the curl of the
electric plasma current and the tangential component of the current on the
plasma boundary contribute to the magnetic field H(r).

We may eliminate the surface integral in (2-19) via the Stokes's

Theorem, Substituting

¢ [e(E)LENT -, x Byl

c
P

j;ﬁv’ x [G(r;r')i(x)]- B, dx'dy’

A
D
- [ {V'G(f;i') x 1(7) + 6(F:5)w x m'j.azcmvdyv
A
P (2-20)
in (2-19) we have
H(r) = azﬁgo)(i;i-s) + [[v‘ G(r;r') x i(r')ax'dy’ . (2-21)
A
D

Taking the curl of the last representation and noting that

v x J(r) = i(r) + jweOE(z_') , from (2-3), (2-22)

10



o x [5, 8O (555)] = que_ 8O (755 ), from (2-8), (2-23)
vx [v' G(F;7') x I(F')]=
- i(F')-v'w G(T3r') + 192 g(Tsr') , (2-24)
(since v = -¢' ) and
'? G(F37') = -ko G(F371) + (F-T1) C (2-25)

we obtain atpoint (r) in the plasma

#(5) = 89 (5,7 ) - —L ﬂ' [1(F1) o'y’ + K201 G(F55 )ax'ay,
A
P (2-26)

If the Ohm's law holds for the plasma, then

i(F) = oi(r) (2-27)

and from (2-26) we obtain an integral equation

I(F) +-Z ff (1) w9 + K2I(F)] G(F37 Jaxray’ =

Jwe
A
P i (w5) . (2-28)

11



It is a singular integral equation since the integral exists only in a
"principal value" sense, Hence any perturbation scheme in spite of the
free term does not exist, nor is any exact solution in evidence.

2.3 Some Approximate Solutions

Since the integral equation (2-28) for the plasma current is not readily
solvable we have to propose some approximate representations for the plasma
current in order to compute the effect of the slotted plasma sheath on the
antenna fields from (2-21). For plasma frequency sufficiently below the

radio frequency we may take
i(r) = 50 r;r , 2-29
S

i.e,, the current density is the antenna electric field in the free space
multiplied by the plasma conductivity. This approximation is equally valid
for arbitrary plasma sheath cross-section,

When the plasma sheath is a cylindrical shell with an axial slot a
better approximation is possible, The basis of this approximation is the
plasma current obtained in Appendix B for the un-slotted case of a cylindri-
cal plasma sheath that is concentric with the antenna cylinder. 1In vector

form we denote this current by

1,(7) = 8,1.(r,0) + 3, 1,(r,0) (2-30)

where (B-12) and (B-10), respectively, define the scalar components of the

current. This current can be used to predict the field for arbitrary slot

12



cross-section A . It is convenient then to transform (2-21) so that the

integral is over As' Thus since

A(F) = 3, 1O(F5) + ff 9" G(F3F1) x I (F)ax'dy’ -

A +A
P s

[ @i = 1@ ey (2-31)
A

and letting

ﬁ(P)(I_';f's) = ézHio)(x-';f's) - ffv' G(r;r') x io(f')dx'dy'
A A (2-32)

we obtain
1) = K(EE) - [ o o) x fEaay (2-33)
As
Notice that ﬁ(P)(f';f's) is the magnetic field for the unslotted cylindrical
plasma sheath., It is given explicitly in a scalar form in (B-14) for r»>c,
i.e., external to the plasma sheath.

For a wedge type slot we can carry out the integration in the ¢-direc-

tion. For this purpose we write (2-33) in a scalar form
- - - S - -
Hz(r) i ng)(r;rs) + Hg )(r;rs) (2-34)

13



where
é )(r 3T )a = - f[;'G(I-';E-') x I (r')ax'dy’
JJ °
S

For the far-zone,we obtain from (B-14%) that

jWe k'V . it
ng)(§5§S)~J o [_2 " -d(kor-n/k) Z o jmgl_ﬂ e

(ﬂko )2ab '} thor

n2k_ €
o)

nkeab =1 no1

oy "R 1) @(l)(fp,wsg (2-37)

where

o(2) _
nm

¢ 4

_ (ks 2)
(abAm) 1_[ (N I (r) -M N'(kr)][J'(k r) - 2 (2) ) ga)' (k)] rar,

b o
(2-38)
1
R
(]
- In (Ba) o dr
A [Nme(kr)—MmNm(kr)][-Jn(kor)+ H_(E)_'(Ta) H (kor)] - >
° (2-39)

1k



{E(2) Sin(m-n)¢;‘ Sin(m+n)cpo
am (QJ, q)s ) = W Cos (ncp-mcps ) + W Cos (nq)—i-mcps ) 9
' (2-40)
(1) Sin(m-n)@é—ﬂ . Sin(m+n)o .
bnm (CP) q)s) = W Sln(ncp-mcps) - W S:Ln(ncp-f-nrps) .
!_ (2-41)

In (2-37) the firstterm arises from a circumferential current in the plasma
slot, and the second term from a radial current, As ¢6)»O we clearly see
that HZ(S) (;;;S )>0. In the plasma slot we are assuming zero electron
density, however, and hence the total electron current must be zero. The
plasma slot current in (2-35) is the negative of the plasma sheath current
without a slot, and thus when added to the latter produces zero electron
current in the slot.

In other words, the first term on the right-hand-side of (2—34) is the
magnetic field when the cylinder is enclosed by a continuous cylindrical
plasma sheath, We can imagine that in the area where we w;nt to create a
slot we reduce the electron current to zero by adding there a current neg-
ative to that of the continuous plasma sheath, This current in the pres-
ence of a perfectly conducting cylinder gives rise to the second term on
the right-hand-side of (2-34%), This term acts as a source on the slotted
plasma sheath and produces a new current there which has to be found in
order to find HZ(?) exactly. However, this leads to an integral equation
that is not expected simpler in form than the basic one in (2-28),

The approximation (2-29) and (2-30) for the plasma current are ex-

pected to hold for underdense plasma (w:>wp). For overdense plasma

15



(w<:gp) the approximations may be appropriate only for slightly overdense
case and large collision frequency., Because G(;;;') is the Green's
function for the cylinder in the free space the representation (2-21) in-
sures that for any approximate plasma current the fields automatically
satisfy the boundary conditions at the cylinder and at infinity.

However, only for the proper plasma current will the fields satisfy the
boundary condition at the plasma sheath surface as well,

No dontht on
ES A A v LA

(v]
3
v}
A
S

and carry out a series of calculations to study the effects of the under-
dense plasma sheath of various configurations on the cylindrical antenna,.

Lack of time prevents us to pursue these ideas for the present,.

16




ITT

WAVEGUIDE APPROACH

3.1 Introduction

When the plasma sheath enclosing the antenna is of a substantial thick-
ness & is well known that for the signal frequency w sufficiently less than
the plasma frequency Qp negligible amount of power leaks through the sheath,
Under these conditions if one opens a slot in the plasma sheath then it ap-
pears that the slot will act as a waveguide in transporting the power from
the source to the outside free space. The waveguide transports the power via
the propagating modes, if any exist. If only non-propagating modes exist,
then the power transfer is very minimal because the fields attenuate expon-
entially in the guide. The plasma waveguide concept is of any use only when
the electrical current does not penetrate the plasma sheath very much, This
condition is satisfied where wp is sufficiently larger than w, For this
condition the integral equation approach to the problem becomes too un-
wieldy.

In the first part of this chapter we derive the tranverse magnetic
modes in an infinite parallel plane plasma waveguide, The waveguide is
formed by an infinite uniform plasma slab of plasma frequency sufficiently
below w while in the rest of the space the plasma frequency is sufficiently
above w, The mode derivation 1is elementary, except for finding the eigen-
values which is essentially a numerical job, except for some special cases

when good approximate solutions are obtainable.

17



In the second part of the chapter, as an example, we consider a mag-
netic line source excited perfectly conducting cylinder enclosed by a
closely fitting plasma sheath. We assume that & parallel face plasma slot
is centered directly above the source and forms a parallel plate plasma
waveguide, We select the waveguide width and the plasma parameters such
as to make only the lower TM mode propagating. We compute the amplitude
of the mode, and assuming the mode radiates without appreciable reflection
at the external waveguide aperture, we are able to predict the magnetic
line source excited perfectly conducting cylinder radiation through axially

slotted plasma sheath of a particular configuration.

3.2 Transverse Magnetic Modes in a Parallel Plane Plasma Waveguide,

The waveguide is formed by two semi-infinite plasma slabs of uniform
density separated a distance 2d and the gap filled by a lower density plas-
ma, We introduce a cartesian coordinate system (x,y,z) with the y-axis
normal to the plasma slabs and the origin at the half way point between

them, as shown in Figure 3.1. The electrical conductivity of the plasma

for, |y|=d,

w
o Pl (3-1)
and for -d=y<d,

2
€omPl
g = V—l—TJ—m (3'2)

where wp and uPl denote the plasma frequencies; v and vy the collision fre-

18
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quencies, W the signal frequency, and €, the free space permittivity.
Taking the free space permeability Mo completes the statement on the
electromagnetic parameters of the problem.

The TM~modes in the parallel plane plasma waveguide have the following
non-zero field components for propagation along the x-axis: Hz(x,y),

E_(x,y), Ey(x,y), the €9 time dependence being understood, Assuming that

equations

B (x,) = - ﬁ— Z 5 (xy) (3-3)
and

Bov) = -l % B ) (3-4)
where

Since all the field components satisfy the scalar wave equation, we have

Ex(x,y) = A [i} exp(—Ky-Yx), y>d, (3'5)
Sin(X,y)

COS(Kly) exp(-¥x), -d<y«d, (3-6)

= A {7} exp(Ky - vx), y<-d. (3-7)

20



Rk = (3-8)

¥+l = (3-9)

where k = w\/l-lo(ﬁo" i%/w) , k

J : N . .
L =W no(eo - Ji/,), and the top line in
the brackets refer to the symmetric mode, and the bottom line to the anti-

symmetric mode, From (3-3) to (3-7) and the boundary conditioms at
y = ¥ d we obtain

7~ -
-Cos(Kld)

KA + < > ¢ K exp(kd) B = 0 (3-10a)
+Sin(K1d)
. -

- N

—Sln(Kld)

A + > exp(Kd) B = 0. (3-10b)

‘L:Cos(Kld)
/

The non-trivial solution of (3—10) exists only when the determinant of the

coefficients vanishes, 1.e.,

elK
& - tan(K,d) , (3-11)

for the symmetric modes, and

€. K

E.Il{_l = - cot(K,d) (3-12)

for the anti-symmetric modes, Eliminating y from (3-8) to (3-9) we obtain

21



1/2
T - o
2 1
K= |3k, we - Ki' (3-13)

where k = wy/ W, €, and thus from (3-11) and (3-12) we derive, respectively,

_ s . _ 2 1/2
we - 30 | 3(T-G) <l52;> N
Weom 9T “s K

]

tan(K d), (3-1%)

-cot(Kld). (3-15)

Introducing dimensionless parameters

u=K d (3-16)
kd
o_ . _ 24, _an
h=T: (h_A-O,AO_kO) (3_17)
X = wp/u); Y=v/w (3-18)
X) = w/0s ¥y =V, /u (3-19)

in the last two equations one obtains

1/2
: 2
1y K - 9% (ﬂ_h)g o S
l-;]Yl l-X2 - 5Y u 1-jY l-JYl

= tan u, (3'20)

(3-21)

I

]
(]
(@]
ct
[+

22



The appropriate roots Uy Uy Wy ..o of (3-20) and U5 Ug, us, ... of
(3-21) determine from (3-16) the eigenvalues

u

k=2 : (3-22)

The corresponding K, and T, We compute by substituting (3-22) in (3-13) and
(3-8). Thus one has to solve first for the roots of (3-20) and (3-21) before
it is possible to exhibit explicitly the various TM modes in the parallel

plane plasma waveguide,

The Loss-Less Case: Y =Y, = 0. The task of finding the roots of (3-20)

and (3-21) is largely a numerical one, Primarily for this reason we restrict

the calculation to the loss-less case, This permits us to exhibit the main
features of the plasma waveguide with a minimum of numerical work, The
results would be only trivialy modified for a slightly lossy plasma guide,
except for some special cases,

For the loss-less case (3-20) and (3-21) become, respectively,

(—*)(—)(f) -

1/2

tan u, (3-23)

-cot u. (3-24)

The plasma waveguide exists in any meaningful fashion only when

23



0£X,<1; X>1, (3-25)

and hence in the subsequent discussion we implicitly require these inequal-
ities to be satisfied. Fuither, a particular mode n for a given h, X, Xl
will exist only if u exists, In the loss-less case w, is real and it can

exist only when
1/2
h [xz - x‘i:l > 2 (3-26)

as can be deduced from (3-23) and (3-24). The equation

-]

defines a boundary in the X-h plane that separates the regions of existence

(3-27)

nols

and non-existence for the TMh mode, We note that the zeroth order mode
exists for any h, the plasma parameters X and Xl being only subject to
(3-25).

Before we introduce the numerical results it is instructive to present
the roots w for some special cases., From (3-23) we obtain for the zeroth

order mode

uo'-:' - m e X=>1, (3-28a)
u> -V, X 51, h{——— , (3-28b)

o1

2



n 1

u—>-3, X=»1, h>——— . (3-28¢c)
o\ 18

From (3-23) and (3-24), whenever (3-26) is satisfied, we obtain for the

higher order modes

unc’fe_n - -1}-;- (1 - xi) , X>>1, (3-292a)
u> 3% (n-1), X->1, (3-29b)

withn =1, 3, 5, .., for the anti-symmetric modes, and n = 2, 4, 6, ...
for the symmetric modes. It is evident that u, is of the lowest order mode,

u, of the next higher order mode, etec, Furthermore, as expected, when X-»eco

1
the roots reduce to those of the perfectly conducting parallel plane guide,

The lower order mode, TMb’ then propagates for any guide width, At times we
shall refer to TMO as the principal mode,

The lowest order mode is of the most practical importance. We present
in Figure 3.2 u, as a function of X for the guide width h = 1.0, 0.75, 0.50,

and 0.25 fractions of the free space wavelength, and X. = O and 0.75. We

1

note that increasing the normalized plasma frequency X, in the guide

1
decreases the magnitude of uo. However, this does not mean that the cut-off
frequency will decrease., We shall see shortly, in fact, that the opposite
is true.

The constant K which determines the rate of the field attenuation in

the semi-infinite plasma slabs we compute from (3-13) for the loss-less

case as
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a \2 1/2
K =k, X - X:EL - <§%) ] . (3-30)

We find from (3-8) the propagation constant

2 1/2
w 5
‘Y‘n = kO <-1-I-1‘_1 + Xl_- 1 . (3‘31)
We define
T, = &, + 3By (3-32)

where c¥£ is the attenuation constant, and Bn is the phase constant; both
constants are real and positive, The TMh mode is propagating in a loss-less

guide when

a4 \2 1/2
X, =0, B =k 1-(;%) -X?_ ) (3-33)

with
2
Y o+ X<, (3-34)
nth
and beyond cut-off when
5 1/2
“n 2
qn = kO (nh)g + Xl bl l H Bn = O ) (3_35)

with
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2

un 2 .
( h)2 + xl > 1 H (3'36)
pLo

as can be shown from (3-31). Since u = uh(h,X,Xl) we see from (3-34)

and (3-36) that the equation, when it exists,
2 2
w(h,%,%,) = (th)2(1-%) (3-37)

defines a curve in the X-h plane that separates the propagation region

from the non-propagation one., In Fig., 3,3 we show these curves for

Xl= 0, 0.75, and 0.90 in the cases of TMO and TMé modes, We have left

out of the discussion TM1 mode because in the particular configuration we
consider at the end of this chapter, it is not excited by the source. The
solid curves refer to the TMb mode, and the dashed curves to TMé mode. The
area bounded by the coordinate axis and the solid curve is the region of
beyond cutoff for the TM.O mode, the rest of the quadrant being the region of
propagation, We notice that the cutoff region increases only very slightly
as Xl increases from O to 0.9. However, when Xl —> 1, the TMb mode is
beyond cutoff for any h and X.

The coordinate axis and the curve
2_ 2 1/2
h[X"— X7] =1 (3-38)

bound the region of non-existence of the TMé mode, We have not plotted
this curve in Fig. 3.3 because it would make the figure too crowded, and

furthermore for our discussion later on this curve is not important. The
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area between the curve (3-38) and those shown dashed in Fig. 3.3 is the
beyond-cutoff region, The area to the right of the dashed curve is the
propagation region. As Xl increases from O to 1-0 the dashed curve moves to
the right in noticeable steps, i.e., the region of propagating becomes
significantly reduced. In fact, we may easily predict the propagation -

beyond cutoff boundary as a function of X, from (3-29a), and (3-37) for any

mode, other than the zeroth, when X>> 1 , i.e.,

n

he———s , nfO (3-39)

2V1 - Xi

The Modal Fields, Letting B — K, B we obtain from (3-3) to (3-12) ™

mode fields

0 1n(K d _ _ ¥ x (3-40a)
E)({ )(X;y) = I1 ]_n {COS(K d [Kn(y d)+ " ] ? y>d ? (3-)+Ob)
sin(K,_¥) R (3-412)

= BpKyp Cos(K y o -d<y <d, (3-lk1p)

-8in(Ky A (g (—y-a)+¥ox] (3-k42a)

= BK { COS(Klzd)} o En(-y-a)+¥nx] " oe g, (3-k2op)
-Cos(Ky,a) rg (- (3-43a)

Hgn)(X:Y) = Byjwe, Sin(K,. NE SIE (y-d)+¥ x] , ¥>d, (3-43b)
. -Cos(K, ¥)| _y x (3-kka)

" {Sinwlzy) e, mAevEd (3-4ib)
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-ccs(Klnd) (K (~y-a)+¥,x] (3-458)
1 |-Sin(k, a) € , ¥<-d. (3-45b)

= B jwe
n
The top line, in the brackets, as before, refers to the symmetric mode
(n=0,2,4,+++), and the bottom line to the anti-symmetric mode (n=1,3,5,...).

The electric field component Ey(x,y) can be computed for either symmetry

from
¥,
My = A mM ey, lilsa (3-46)
¥n (n)
= Jeoc Hy ((xy), -d<y<ad. (3-17)
1l

This completes the discussion of the TM modes in the parallel plate plasma
waveguide, The zeroth order mode from this set is used in the calculation
of the radiation by a slot in a plasma sheath.

3.3 Application of the Principal Mode to the Slotted Sheath Problem.

As an example of the application of the principal mode to the slotted
sheath problem we consider the configuration shown in Fig. 3.4. A magnetic
line source excited perfectly conducting cylinder of radius a in free space
is enclosed by a plasma sheath of radius c¢. The plasma sheath is in a
contact with the cylinder. The plasma sheath has uniform conductivity o,
except for the parallel plate plasma waveguide where the conductivity is
oy The plasma waveguide is centered with respect to the magnetic line
source, The free space permittivity € and the free space permeability o
complete the specification of the electromagnetic parameters of the plasma
sheath,

First we obtain an external field representation (r >c) in terms of the
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tangential electric field at r = ¢, The latter we approximate by the plasma
waveguide aperture field derived from the principal mode calculations., The
first part of this analysis is exact, the second part is approximate,
From (2-15) and (2-18) we may show that
1
H, (r,9) = juw€e G(r,03¢,9") E(c,9') 8, dp (3-48)
-7

For r >c we find from (2-17) that assuming a->c

H(2)(k r)
G(r,Psc,0') = gnk = 7‘7—(;—0— Cos n (9-9'). (3-49)
Let
E(c,9') a,, = E, £(9") (3-50)

where E_ is a constant, then in the far-zone (r >»>c)

G _s _
H(r0) = -3 & (22 B s <00 T mie),  (3s1)
[e] [e]
with w .. jn n
P@ = ) | £(9') Cos n(e-g')dp'| . (3-52)
n=0 Hn2 (koc)
x

We define the gain function of the plasma sheath slot by

j2
G (@) = 7o)l (3-53)

b1
2—1,;:!: [ F(9)]? ap
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The plasma waveguide radiation we normalize with respect to the forward

radiation in the free space of the magnetic line source excited cylinder,

i.e.,

[, (5,0 o (3-51)| 2
i, (x,0) of (a-8)|%

W(®) , r>a ., (3-54)

It is easy to reduce (3-54) to the form

W(o) = B0y ’ (3-55)

where the power radiated through the plasma sheath, per unit length of the

cylinder,

2%
1 p'o 2
P = 5!/6-; [ IHZ(r,cp)) rdp , 1r>>c, (3-56)
0]

and

L
P(0) = %@ | £, (r,0) of (&-8)|% 2nxr , r>>a . (3-57)

The latter power is computed for an omnidirectional source whose radiation
is of the same intensity as that of the forward radiation of the magnetic
line source excited perfectly conducting cylinder in the free space.

The power flow (time average), per unit length, in the positive x-

direction of the parallel face plasma waveguide for the TMh mode is given

by o0
By= pRe [ Blon) B v (3-58)
~-®
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For the loss-less case the power flow in the principal mode

Sin(2u) €, Cos“(u.)
24 0 1 (o}
P = wGlB ,Bo 5 1+ 2‘10 + 3 —2?('1—' . (3"59)

When the guide is only slightly lossy then the form of (3-59) is multiplied

bye exp [aao(x-a)], where a is the attenuation constant. Assuming that

the principal mode radiates from the plasma waveguide aperture without
reflections we obtain
- c-a.
p=p o lc-a) (3-60)

For the calculation of the principal mode amplitude we refer to Fig, 3.5
vhich is a section of Fig. 3.4 in order to show some of the details, The
coordinate origin also has been shifted to the right a distance a, as a
matter of convenlence for the calculation, The electric and magnetic fields
produced by the magnetic line source satisfy

E-«al = -juu Haxdy - V . (3-61)

o

c A
For our calculation we take the path C as shown in Fig. 3.5. The area A is
enclosed by the path C. The electric field for x> O in the plasma slot may
be represented by infinite series of terms (3-47). No such expansion is

possible in area A which is bounded by the cylinder, the y-axis, and the

guide walls., Thus we obtain from (3-61)
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~X

Sinu_ ) ©
-Z BY, 24 —(-@-n— + [E, (x,d)-E (x,-d)]ax =
s even 0
dwng || By(xy)axay - v (3-62)

A

where x = a - a Cos[arc sin g-].
o a
When the plasma sheath conductivity o, and the cylinder radius a are
sufficiently large we may neglect the two integrals, as well as all the terms

in the series, except the zeroth term, i.e.,

(u)
Vv
o~ ¥4 Sin(?lo) : (3-63)

td
A

This result becomes exact when |&|— & , a— A,

The result (3-63) will not be altered when the magnetic line source is
moved to any position on the cylinder surface, inside the guide walls. Only
symmetric TMn modes (n-even)will be excited when the source is in the symme-
tric position shown; anti-symmetric modes in addition will be excited when
the source is moved off the x-axis.

From (3-47) and (3-50) we see that the plasma slot aperture field

distribution

£(9) = Cos (K c0), @ ¥ y/c . (3-64)
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This approximate form should hold for the plasma slot width h = 0.5; certain-
ly as far as the gain function calculation is concerned, For sufficiently
large conductivity of the plasma sheath one may take f(@)~0O on the plasma

sheath surface. Thus we find

b1 q)o
(') Cos n(p-p') do' & Cos(Klocm') Cos n(p-9')de' =
=7 _q)o
¢.2, Cos n o (3-65)
where
. h . a
®, = arc sin (m E_E) = arcsin (E) R (3-66)
o
Sin(ué- n)cpo Sin(ué + n)@o
B CUR) R YRy o (3-67)
o o o %
uc u k ¢
and w' = —— - 2 2
o) d b1¢ h

Substituting (3-65) in (3-52) and the resulting equation in (3-53) we
cos(n@)

(k c)
c_(p) = s . (3-68)

obtain

ol\/]g

We observe that the gain functions of the magnetic line source excited
perfectly conducting cylinder is obtained from (3-68) by letting a - 1,

and ¢ =» a. This result is exact.
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For sufficiently high plasma conductivity ©° one may neglect the third

term in (3-59) and then substituting (3-63) in (3-59) we obtain

2 . 2
p wélso v - Sin 2uo\ u, . (3-69)
0 8d(a§ + BE) 2u0 / Sin u_
From (3-57) we find
leﬁ
v N
P0) = —5—2 Z B (3-70)
on° k &t 1'% (k a)
o n=0 n o
and hence o
Sin 2uo u,
P n(k a)26 k € [} - Sin u
o) ~ 0 ool o (o] (3_71)
P(0) hh(ai + Bi) €, |i e, ;0 l 2
(2)
oo Hn o (Kg2)
From (3-55) and (3-60) we have
Po 20 (c-a)
W(p) = B0y ¢ ° G (o) . (3-72)

For loss-less plasma, as can be shown from (3-71), we may set the factor

. 2
Sin 2uo uO
P ﬂ (koa)g(l—xi) [1+ 2u ](Sin uo)

u 2 %o c
n[1-(=2) - x°1%/2 o
1th 1 g;; Hn2 (koa)
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In Fig. 3.6 we have plotted from (3-73) the normalized power coupled
from the magnetic line source into the parallel plate plasma waveguide
principal mode as a function of the normalized plasma frequency X. This
power is the same as the power coupled into the waveguide, because only the
principal mode is propagating for the parameter values under consideration,
namely h = 0.25, 0.5; and Xl =0, 0.75, 0.9. The coupling curves are essen-
tially flat for X> k4, and increasing for X> 4 as a consequence of u in-
creasing, When X —> 1, the approximation of (3-73) becomes seriously
questionable, Decreasing the guide width from h=0.5 to h=0.25 increases
the power coupled into the guide approximately by a factor of two as can be
seen from the graphs, and can also be verified by inspection of (3-73),
assuming that u did not change appreciably. Increasing the plasma frequency
in the guide Xl, however, decreases the power coupled into the guide., In
the limit of Xl —>» 1 we would have zero power coupling. This behaviour be-
comes obvious also if we consider the characteristic impedance of the plasma
waveguide for the princinal mode., We may show that for large X the charac-

teristic impedance

Y%, 2 2.1/2
_ 2o b - 7 - Y (3-74)
© ko' & (1 - Xi)

and the power coupled into the guide of unit width is V2/ZO (not normalized),
The behaviour of the graphs in Fig. 3.6 then follows: decreasing h reduces
Zo and hence increases the power coupling; increasing Xl produces an in-
crease in Zo and hence a decrease in power coupling. Further we have to

add that according to (3-73) PO/P(O) is real when the TM  mode is propagating

ko
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and imaginary when the mode is beyond-cutoff. At the cutoff we have spurious
singularity.

Since the plasma is loss-less and in addition the parameters are such
that the principal mode is propagating we have that ao = 0, and hence
exp[2ao(c-b)] = 1,

The last factor in (3-72) is the gain function G (p) of the axial slot
excited cylinder of radius ¢, The axial slot is excited by the principal
mode (TMO-mode) of the parallel plate plasma waveguide., We show Go(@) in
Fig. 3.7 for the case of k ¢ = br; ¥ = Y, =X, =0; X= 4 and h = 0.25, and
0.50. The curves did not change for all practical purposes as X was in-
creased to 20 and X, to 0.9. The GO(@) calculated is symmetric with respect
to ¢ = 0 and very broad and smooth in the forward direction, but with some
lobing in the back. The smooth behaviour of the gain function for
-120°¢ 9 £120° results from the slot width being less than one half wave-
length wide and the plasma sheath having insignificant leakage of power,

A wider slot and hence a wider parallel plate plasma waveguide could support
some higher order modes. For example the next mode above the principal one,
TMl’ produces an anti-symmetric contribution to the aperture field and hence
the gain function will no longer have a maximum in the forward direction,
but off to one side, depending on the relative phasing of ‘I'M1 to TMO mode.
The lobing in the back arises from the surface waves which travel around

the cylinder, The gain function calculation should be accurate in the for-
ward semi-circle; in the back semi-circle it should be accurate for large

X. As X tends to approach unity the surface wave characteristics are apt

to change and hence the lobing in the back will change.
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The radiation of the plasma slot normalized to the forward radiation
of the cylinder antenna in the free space, W(p), are the products of
[GO(Q)][PO/P(O)], for the range of parameters considered, Thus in our
case W(p) is simply a Go(¢) with a change in normalization., For this
reason we consider W(¢) for ¢=0, i.e., W(0). We plot W(O) as a function
of X in Fig, 3.8 with the same parameters as for the ratio PO/P(O). The
W(0) curves are essentially flat for X)> 4 and tend to peak as X - 1,

These characteristics are due to the coupling coefficient PO/P(O). We
observe that the radiation is re-established when the plasma guide width
h=0.5 and X; = 0 (no plasma in the guide)., As X, increases to 1.0 a mod-
erate attenuation sets in, if Xl would exceed 1.0 a very severe attenuation
would result, Decreasing the guide width by one half actually increases
the radiations by approximately 50%. This results from a more effective
coupling of the line source to the waveguide. However, the resulting en-
hancement of the waveguide fields, if we narrow the waveguide width very
much, may result in the break-down of the plasma and thus make this analysis
inapplicable,

When the plasma sheath is shielded from the perfectly conducting cylin-
der by a dielectric layer, then the analysis to find the power coupled into
the plasma waveguide becomes considerably more involved, Particularly so
when the source is not facing the plasma slot., For the plasma density suf-
ficiently large so that no direct radiation through the sheath is possible,
an annular waveguide is formed by the dielectric between the cylinder and
the sheath, The fields in the annular waveguide are composed of an infinite

set of standing waves, and at some angular positions deep minimas will result,
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When the plasma slot is opened above such a minimum only a weak coupling of
the power into the slot waveguide will result, Opening the slot above a
field maximum will give large coupling. In effect this type of analysis
was carried out by 0lte(1965) when the slotted plasma sheath was replaced
by a perfectly conducting slotted shell. Extension of this type of analysis

to the thick slotted plasma sheath remains to be done,
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CONCLUSIONS

The radiation through a plasma sheath of a magnetic line source excited
cylinder of infinite conductivity is formulated using the vector Green's
theorem and the external Green's function of the cylinder, The magnetic
field is along the axis of the cylinder while the electric field is en-
tirely transverse to the cylinder. A two dimensional singular integral
equation is formulated for the plasma current, assuming it satisfies the
Ohm's law. However, the solution of the integral equation is not readily
obtainable, Some approximate plasma current representations are suggested,
more or less on physical grounds, to study the effect of underdense plasma
sheath on the cylindrical antenna radiation fields. The plasma sheath may
contain a slot,

For the overdense plasma sheath, provided the leakage through it may
be neglected in comparison with the radiation through the plasma slot, we
may introduce plasma waveguide considerations in the analysis, When some
minimal parameter restrictions are met, the plasma slot will support prop-
agating transverse magnetic waves. The wave analysis becames elementary
when the slot walls are parallel., The lower order mode then is a perturb-
ation of the transverse electromagnetic mode. The radiation analysis is
particularly simple when only this mode is propagating. In the above case
we carry out the analysis for the plasma sheath closely fitting the cy-
linder, and the parallel face plasma slot being centered above the magnetic

line source., The calculations consider loss-less plasma, with the plasma
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slot width of 1/4 and 1/2 free space wavelength, and show that the radi-
ation in the forward direction is re-established or slightly increased for
zero plasma frequency in the slot, moderate loss is incurred as the plasma
frequency in the slot approaches the angular field frequency. If the plas-
ma frequency in the slot exceeds the angular field frequency, but still
being less than the plasma frequency in the remainder of the sheath, a very
severe attenuation of radiation will result.

The gain function of the slot in a 4 wavelength diameter plasma sheath
has a broad forward lobe, the 3 db points being 156° wide for 1/4 wave slot
and 112° wide for a 1/2 wave slot. The back lobes are no more than 20 db
down from the radiation in the forward direction., The significant back
radiation results from the surface waves that are supported by the external

plasma sheath surface,.
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APPENDIX A

THE FIELDS OF A MAGNETIC LINE SOURCE IN THE FRESENCE OF A PERFECTLY
CONDUCTING CYLINDER

In this appendix we review the two dimensional problem of an axial
maghetic line source radiation in the presence of a perfectly conducting
cylinder of radius a, as shown in Figure A-1, The line source is located

by coordinates (r', $'), and the field point is denoted by the coordinates

Fig. A-1: The Configuration.

(r,$). The z-axis of the cylindrical coordinates coincides with the perfect-

1y conducting cylinder axis.

Employing the rationalized MKS units and assuming ert time dependence
for all field quantities, one can show (for example, Harrington 1961) that

the magnetic field from the magnetic line source in free space is given by

k2

Hgi) = - mj— I, H(()2)(koli'- -7]) (A-1)
(o]
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where ko = w\/uoeo , and Im is the amplitude of the magnetic current filament,
When we consider Hél) as the field incident on the cylinder, then the mag-

netic field scattered by the cylinder is denoted by

K o . ,
B -, Y e e
© n=-o0 (A-2)

o N

Expanding the incident magnetic field by the addition theorem for the
cylindrical functions and using the orthogonality properties of the circular
functions, we are able to identify the unknown coefficients a, from the

boundary condition

- g%.[Héi) + Hés)] = Oatr=a (A-3)
as
. Jé (koa) (A1)
n Hn225'(koa,)

The total magnetic field (incident and scattered) we may now write as

k L)
Hz(r,¢) = EGE_ I - Hgg)(ko\/;2 + 2 - oppt cos(g-g) |+
i J'(k a)
N (2) r' (2) r) cos -p' -
zcann (kr)H "/ (kr) n (p-¢') (A-5)
n=0 n o

where c, = 1 for n = 0O; ¢, = 2 forn=1,2,3,---
The electric fields can be derived by differentiation from (A-5);

they are:
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Er(r)¢) = 3‘*720_1‘9% HZ(I‘,¢) (A-6)

2(8) = - a 2 ow(g . (a-7)

We may place the magnetic line source on the perfectly conducting
cylinder by letting r' —> a. The fields then assume a particularly

simple form:

@ (2)
(,
H,(r,8) = z,tawu Z 7—2—F—— cos 0 (- $') (4-8)

B.(r8) = -z In ) F o Ry Sinn (-4 (49)
° n=0 Hn (koa)
@ (2)'
1 Ho (kﬁr) '
E¢(r,¢) = - Sma Im HZO <, ;{m cos n (¢ -4 . (A-10)

The exciting voltage of the cylinder is defined by

2n
V=- E¢(a,¢)a ag . (A-11)
0

Substituting (10) in (11) and performing the integration, we obtain
v=1I , (A-12)

and indeed magnetic current is measured in volts.
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APPENDIX B

CONCENTRIC PLASMA SHEATH OF UNIFORM DENSITY ENCLOSING A MAGNETIC
LINE SOURCE EXCITED PERFECTLY CONDUCTING CYLINDER

We consider the configuration as shown in Fig, B-1l, and take the free

space permeability p_ and the free space permittivity e to apply for all

(o]

n Y 30 ArAinndo
,\P,‘l} L0 LULLIL L

Lo T o)

o

o o Sa A +ha wvlinAdnt
1iC 4L~duan U v

~ 0l Ann {n
11T L;JJ.J_I.J.LL.L oAl LUV \.L
dent with the perfectly conducting cylinder axis., The magnetic line source
on the perfectly conducting cylinder surface is accounted for by

5(p - @)
Ecp(a"cP) ==~V —a > (B'l)

the time dependence e'Jwt being suppressed. The field gquantities are inde-

pendent of z and hence the magnetic field may be represented by

co
Hz(r,cp) = Z [Ame(kor) + BmNm(kOr)]eJnKp, a<r<b, (B-2a)

m=-00
oo

= Z [c g, (kr) + DmNm(kr)]eJm(p, b=r<c, (B-2b)
n=- 0o
w .

= Z FmH]SlE)(kor)eJch, c=<r, (B-2¢)
m=-®

where k = w\/poeo' and k = k_ \/l—jo’/(weo) . From the Maxwell's equations
we obtain that the electric field Er(r,cp) is given by differention of

(B-2) according to (A-6), and the electric field Ecp(r,(p) according to

£€la

(A-7). We only note that for ber<c one should substitute e = €, - J
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(r,

—l

Uniform density plasma sheath
of conductivity o.

Perfectly conducting cylinder.

FIG. B.1: MAGNETIC LINE SOURCE EXCITED CYLINDER ENCLOSED
BY A PLASMA SHEATH.
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for ¢ in (A-6) and (A-T).
From (B-1) and from the continuity of E¢(r,@) and Hz(r,w) at r = b,c,

by applying the orthogonality properties of the circular functions we obtain

- T 1 -
g (kb) N (kb) -J (kb) -N_(kb) O A 0
e (k b) e'N!(kb) -k'J' (kb) -k'N!(kb) O B 0
Ji(ka) N (k.a) 0 0 0 ¢, |= g:}izz e~Imds
0 0 Jm(kc) Nﬁ(kc) 44?b?9 D, 0
0 0 k'3 (ke) KN (ie) -¢ 'Hn(lz)(koc) F 0
- 4 -
where k' and k/k , and €' = 1 - j o=~ . (B-3)

o
We compute the determinant of (B-3)

Am = k'21{1512)(koc)[Nl;l(kc)JI'n(kb)-JI;l(kc)N&l(kb)]- [Jm(kob)NI;I(koa)-Jl'n (koa)Nm(kob)]

k'e '{Hl(f) (ko) [N} (ke)J, (Kb)-34 (ke )N (kb) M) (k b)N; (k_a)-J} (k aN! (k b)
B (k_e)[N_(ke)J: ()-7_(ke W (1) M3, (3 o)W (I _2)-3% (k_a)N(k b)1}
+e12(2) o) B, (k) Qe (BT, (i ), (e @7 (20 ()

(5-4)

and those coefficients of interest in this study Cm’ Dm’ and Fm, i.e.,

jweOV —im
N e JIPs (B-5)

AC = —s—
mn (nko)eab
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,jweov

.- ° -Jmpg -6
Am:Dm (“ko)g ab Mm € (B )

2jweV .
A F = —.3-—-. —-JIPs B-T7
oo (nko) abe © (8-7)

where

N, = -e'ENm(kc) nge)'(koc) + k'e'Nl;(kc) H]Sle)(koc) (B-8)
M = -e'2Jm(kc) H§12)'(koc) + k'e'Jl;l(kc) ngz)(koc) . (B-9)

We compute the ¢- component of electric current density in the plasma,

icp(r’q)) =0 Ecp(r,q))
cke V e
. _—_o (®)(r) cos - .
) (ﬂk:)zeab n; °m Im (r) Cos m (v cps) (B-10)
where
IIE:P)(r) = [-N g, (kr) + %Nx;(kr)]A;ll R (B-11)

and the r-components of electric current density,

ir(r:q)) =0 Er(r:q))

: 00
j2ce€_ V
=—=—— % 21) sinm (o-0,) , (B-12)
(xk_)2e ab ron s
o] m=1
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where

The magnetic field outside the plasma sheath, r>c,

2jwEV

H (1,0) = }: A‘“ H#®)(k r) cos m (p-0_)

(k| )3abc
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